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Q-PRIME CURVATURE AND SCATTERING THEORY ON
STRICTLY PSEUDOCONVEX DOMAINS
YUYA TAKEUCHI
Abstract. The Q-prime curvature is a local invariant of pseudo-Einstein con-
tact forms on integrable strictly pseudoconvex CR manifolds. The transfor-
mation law of the Q-prime curvature under scaling is given in terms of a
differential operator, called the P -prime operator, acting on the space of CR
pluriharmonic functions. In this paper, we generalize these objects to the
boundaries of asymptotically complex hyperbolic Einstein (ACHE) manifolds,
which are partially integrable, strictly pseudoconvex CR manifolds, by using
the scattering matrix for ACHE manifolds. In this setting, the P -prime oper-
ator is a self-adjoint pseudodifferential operator acting on smooth functions,
and the Q-prime curvature is globally determined by the ACHE manifold and
the choice of a contact form on the boundary. We prove that the integral of the
Q-prime curvature is a conformal primitive of the Q-curvature; in particular,
it defines an invariant of ACHE manifolds whose boundaries admit a contact
form with zero Q-curvature. We also apply the generalized Q-prime curvature
to compute the renormalized volume of strictly pseudoconvex domains whose
boundaries may not admit pseudo-Einstein structure.
1. Introduction
Scattering theory on asymptotically hyperbolic manifolds has been extensively
developed by several authors; see, e.g., [12,13,4,2] and references cited there. It has
important geometric consequences especially when the asymptotically hyperbolic
metric is asymptotically Einstein (called the Poincare´ metric); the scattering matrix
has connection to conformally invariant objects of the boundary at the infinity —
this can be regarded as an example of the AdS/CFT correspondence in theoretical
physics. Graham-Zworski [12] proved that the residues of the scattering matrix
S(s) of the Poincare´ metric give conformally invariant differential operators, which
have been known as GJMS operators [11]. When the boundary has even dimension,
they also described Branson’s Q-curvature [1] as a special value of S(s)1. The scat-
tering matrix has been also related to the renormalized volume of asymptotically
hyperbolic manifolds by Fefferman-Graham [7] and Yang-Chang-Qing [23] in the
case of odd and even dimensional boundary respectively.
Many of the results explained above have analogies in complex setting, where
we consider asymptotically complex hyperbolic (ACH) Einstein manifolds, whose
boundary has a partially integrable, strictly pseudoconvex CR structure; see, e.g., [14,
18,9,22]. Such manifolds are defined as a generalization of bounded strictly pseudo-
convex domains in Cm with the complete Ka¨hler-Einstein metric. However, there
are CR invariant objects that are specific to the complex case: the P -prime opera-
tor and Q-prime curvature, recently introduced by Case-Yang [3] and Hirachi [16],
are constructed by using pluriharmonic functions and have no natural conformal
analogs. The aim of this paper is to analyze these objects by using the scattering
matrix for ACH Einstein manifolds.
To describe our results, we first recall basic setup of scattering theory in the
complex case by following Hislop-Perry-Tang [18]. Let Ω be a bounded strictly
pseudoconvex domain with smooth boundaryM = ∂Ω in a complex manifold N of
complex dimension m = n+ 1. (We here assume that N is a complex manifold to1
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simplify the exposition; the description for general ACH manifolds will be given in
Sections 2 and 3.) A real smooth function x on N is called a defining function of
Ω if
Ω = {x > 0}, dx 6= 0 on M.
For a defining function x of Ω, the 1-form
(1.1) θ =
√−1
2
(∂ − ∂)x|M
defines a contact form on M . Conversely, if θ is a contact form on M , we may
find a defining function x of Ω such that (1.1) holds; in this case, we say that x is
normalized by θ. We always assume this normalization in the introduction.
By Fefferman [6], there exists a Hermitian metric g+ on Ω having the following
properties:
• The Hermitian form ω+ of g+ is written in the form
(1.2) ω+ = −
√−1∂∂ log x+Π.
Here Π is a (1, 1)-form on N and, near M , equal to the curvature
−√−1(m+ 1)−1∂∂ log h
of a Hermitian metric h of the canonical bundle KN .
• The Ricci form ρg+ of g+ satisfies
(1.3) ρg+ + (m+ 1)ω+ = −
√−1∂∂(xm+1φ)
for a smooth function φ on N .
Such an ω+ is unique modulo terms of the form
√−1∂∂(xm+1ψ) with ψ smooth
near M .
For domains in Cm, we can take Π = 0 and the Einstein equation (1.3) is reduced
to the complex Monge-Ampe`re equation for x, which is the original setup of Feffer-
man. Introducing the curvature term Π, we can naturally generalize his argument
to domains in arbitrary complex manifolds. Note also that the decomposition on
the right-hand side of (1.2) has ambiguity. If we choose another Hermitian metric
ĥ = e−(m+1)uh, then we obtain another decomposition of ω+ by taking x̂ = e
u+Υx
for any pluriharmonic function Υ near M . In particular, if we can choose h to be
flat near M , that is, Π = 0 near M , then we can specify x modulo scaling by eΥ
with pluriharmonic Υ. We call such an x a Fefferman’s defining function and call
θ (normalizing x) a pseudo-Einstein contact form. If θ is pseudo-Einstein, then
θ̂ = eΥθ is pseudo-Einstein if and only if Υ is a CR pluriharmonic function.
Denote by ∆+ the (non-negative) Laplacian for 2g+. Let m 6= s ∈ C be in a
sufficiently small neighborhood of m. For such s and for f ∈ C∞(M), there exists
a unique solution u of the “Dirichlet problem”
(∆+ − s(m− s))u = 0,
u = Fxm−s +Gxs, where F,G ∈ C∞(Ω),
F |M = f.
The Poisson operator
Pθ(s) : C∞(M)→ C∞(Ω)
is then defined by Pθ(s)f = u, and the scattering matrix
Sθ(s) : C∞(M)→ C∞(M)
by Sθ(s)f = G|M . The operator Sθ(s) extends meromorphically to {Re s > m/2}
and, in particular, has a single pole at s = m. In [18], Hislop-Perry-Tang proved
that
Pθf = −c−1m Ress=m Sθ(s)f
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is a CR invariant differential operator, known as the critical GJMS operator [10].
Here cm = (−1)m[2m!(m− 1)!]−1. They also showed that Sθ(s)1 is holomorphic at
s = m and
Qθ = c
−1
m lims→m
Sθ(s)1
is a local invariant of θ, which agrees with the Q-curvature; the integral of this, the
total Q-curvature, defines a global CR invariant [8]. In fact, the above results can be
generalized to ACH manifolds. We will review the definition and basic properties
of ACH manifolds in Section 2, and the scattering theory on ACH manifolds in
Section 3.
However, it turns out that theQ-curvature vanishes for a pseudo-Einstein contact
form. Recently, Case-Yang [3] and Hirachi [16] defined the P -prime operator andQ-
prime curvature. The P -prime operator P ′θ is a differential operator from the space
of CR pluriharmonic functions to C∞(M) and satisfies P ′θ1 = Qθ (Definition 4.3).
The Q-prime curvature Q′θ ∈ C∞(M) is defined for a pseudo-Einstein contact form
θ and a local invariant of θ (Definition 4.4). If θ̂ = eΥθ is another pseudo-Einstein
contact form, then one has∫
M
Q′
θ̂
=
∫
M
Q′θ + 2
∫
M
P ′θΥ.
Here and in the following, for a function Aθ determined by θ, we denote by
∫
M
Aθ
the integral
∫
M Aθ θ∧(dθ)n. Since P ′θ1 = Qθ = 0 holds, the total Q-prime curvature
Q′θ =
∫
M
Q′θ
is independent of the choice of a pseudo-Einstein contact form and defines a global
CR invariant of M if P ′θ is formally self-adjoint. For 3-dimensional CR manifolds,
Case-Yang [3] showed that P ′θ is formally self-adjoint by using an explicit formula
for P ′θ. On the other hand, Hirachi [16] proved the formal self-adjointness of P
′
θ in
the case that g+ is Ka¨hler and an additional condition on Ω is satisfied. (See the
second statement of Theorem 1.4.)
We here relate the P -prime operator and Q-prime curvature to the scattering
theory with the following motivation: (1) clarify the reason why we need to impose
some global assumptions for the invariance of the total Q-prime curvature though
theQ-prime curvature is determined locally by the boundary; (2) define the P -prime
operator as an operator on C∞(M) and the Q-prime curvature for any contact form.
We define a pseudodifferential operator on C∞(M), scattering P -prime operator,
and a function on M , scattering Q-prime curvature, by using the scattering theory.
For f ∈ C∞(M) and a contact form θ, the scattering P -prime operator P ′θ is defined
by
c−1m Sθ(s)f = −
1
s−mPθf + P
′
θf +O(s−m).
Similarly, the scattering Q-prime curvature Q′θ is given by
c−1m Sθ(s)1 = Qθ −
1
2
(s−m)Q′θ +O((s −m)2).
These definitions can be generalized to ACH manifolds (Definitions 3.8 and 3.11).
Analytic properties of P ′θ and Q
′
θ follow easily from the definitions.
Proposition 1.1. The operator P ′θ is formally self-adjoint, and if θ̂ = e
Υθ with
Υ ∈ C∞(M) is another contact form, then
(1.4) emΥP ′
θ̂
f = P ′θf +ΥPθf + Pθ(Υf).
Note that, as an operator on C∞(M), the scattering P -prime operator is different
from the P -prime operator on 3-dimensional CR manifolds given in [3].
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Proposition 1.2. Under the scaling θ̂ = eΥθ, one has
(1.5) emΥ(Qθ̂ − 2ΥQθ̂) = Q′θ + 2P ′θΥ+ PθΥ2,
and
(1.6)
∫
M
Q′
θ̂
=
∫
M
Q′θ + 2
∫
M
ΥQθ + 2
∫
M
ΥQθ̂.
In particular,
∫
M
Q′θ is independent of the choice of θ satisfying Qθ = 0.
From (1.6), we can also see that the integral of the scattering Q-prime curvature
is a conformal primitive of the Q-curvature.
Corollary 1.3. If θ(ε) = eεΥθ, then
d
dε
∣∣∣∣
ε=0
∫
M
Q′θ(ε) = 4
∫
M
ΥQθ.
Now we examine the relation between the P -prime operator and Q-prime cur-
vature, and the scattering ones.
We first consider the P -prime operator. Assume that f is a CR pluriharmonic
function on M . By the strict pseudoconvexity, f can be extended to a smooth
function f˜ on Ω that is pluriharmonic nearM . We can write the difference between
P ′θf and P
′
θf by using f˜ .
Theorem 1.4. Let Ω be a bounded strictly pseudoconvex domain with smooth
boundary M = ∂Ω in an m-dimensional complex manifold. Assume that Ω is
equipped with a Hermitian metric g+ satisfying (1.2) and (1.3). Let f be a CR
pluriharmonic function on M and f˜ a smooth extension of f that is pluriharmonic
near M . Then
Kf˜ = c−1m x
−mR(m)(∆+f˜)
is smooth up to the boundary and satisfies
P ′θf = P
′
θf − (Kf˜)|M .
Here R(m) is the inverse of ∆+ as an operator on the space of square-integrable
functions on (Ω, g+). In particular, the P -prime operator agrees with the scattering
P -prime operator on the space of CR pluriharmonic functions and is formally self-
adjoint if g+ is Ka¨hler and any CR pluriharmonic function on M has pluriharmonic
extension to Ω.
Theorem 1.4 suggests that the formal self-adjointness of the P -prime operator
stems from that of the scattering one.
We next consider the Q-prime curvature.
Theorem 1.5. Let (Ω, g+) be as in Theorem 1.4. Assume that θ is a pseudo-
Einstein contact form on M and x is a Fefferman’s defining function normalized
by θ. Then
D = −c−1m x−mR(m)(trg+ Π)
is a well-defined smooth function on Ω and satisfies
Q′θ = Q
′
θ − 2D|M .
Here the function trg+ γ for a (1, 1)-form γ is defined by
(trg+ γ) · ωm+ = mγ ∧ ωn+.
In particular, the Q-prime curvature coincides with the scattering one if one can
choose x so that Π = 0.
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We next give an expression for the renormalized volume in terms of the scattering
Q-prime curvature and a correction term. The volume of Ωε = {z ∈ Ω | x(z) > ε}
admits an expansion, as ε→ +0,∫
Ωε
dvolg+ =
m∑
j=1
bj
εm+1−j
+ L log ε+ V + o(1),
where bj , L, V ∈ R. It is known that L is a constant multiple of the total Q-
curvature [21]. We call V the renormalized volume of (Ω, g+) with respect to x.
Hirachi-Marugame-Matsumoto [17] proved the formula
(1.7) V =
1
n!
cm
∫
M
Q′θ +
1
m!
∫
Ω
Πm
for a pseudo-Einstein contact form θ and a Fefferman’s defining function x. Note
that Π is a compactly supported (1, 1)-form on Ω, and the integral
∫
Ω
Πm is well-
defined. We deduce a formula of the renormalized volume for any (Ω, g+) in a
complex manifold. For any contact form θ, there exists a defining function x nor-
malized by θ such that
trg+ Π = m−∆+ log x = O(xm),
and such an x is unique modulo O(xm+1); see Proposition 2.6.
Theorem 1.6. Let Ω be a bounded strictly pseudoconvex domain with smooth
boundary M = ∂Ω in a complex manifold of dimension m = n+1. Assume that Ω is
equipped with a Hermitian metric g+ satisfying (1.2) and (1.3). Moreover, assume
that x is chosen so that trg+ Π = O(x
m). Then the function −(d/ds)|s=mPθ(s)1 is
of the form
(1.8) − d
ds
∣∣∣∣
s=m
Pθ(s)1 = log x+Axm +Bxm log x,
where A,B ∈ C∞(Ω), and the renormalized volume V with respect to x is written
in the form
(1.9) V =
1
n!
cm
∫
M
Q′θ −
1
n!
∫
M
A|M θ ∧ (dθ)n.
Note that both terms on the right-hand side in (1.9) depend on the choice of
g+ and the second term also depends on the choice of x. We can decompose these
terms into the total Q-prime curvature and a contribution from the interior if θ is
pseudo-Einstein.
Theorem 1.7. Let (Ω, g+) be as in Theorem 1.6. Assume that g+ is Ka¨hler and
x is a Fefferman’s defining function. Then
(1.10)
∫
M
Q′θ =
∫
M
Q′θ +
2
mcm
∫
Ω
Πm.
Moreover, the function B in (1.8) is equal to zero and
(1.11)
∫
M
A|M θ ∧ (dθ)n = 1
m
∫
Ω
Πm.
In particular, one has the formula (1.7).
For 4-dimensional ACHE manifolds, Herzlich [15] proved a formula for the renor-
malized volume in terms of the Euler characteristic, the integral of a Riemannian
invariant of ACHE manifolds, and the integral of a pseudo-Hermitian invariant of
the boundary. On the other hand, Seshadri [21] deduced another formula for the
renormalized volume of 2-dimensional Ka¨hler-Einstein manifolds with strictly pseu-
doconvex boundary. However, their choices of defining functions are different from
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ours. Note also that in the case of asymptotically hyperbolic manifolds, Fefferman-
Graham [7] and Yang-Chang-Qing [23] considered the function corresponding to
Q′θ for the study of the renormalized volume.
This paper is organized as follows. In Section 2, we review basic notions of
partially integrable CR manifolds and ACH metrics. In Section 3, we recall the
scattering theory on ACH manifolds, define the scattering P -prime operator and
Q-prime curvature, and prove propositions. In Section 4, we prove theorems stated
in this section.
2. Asymptotically complex hyperbolic manifolds
2.1. Partially integrable CR manifolds. LetM be a smooth manifold of dimen-
sion 2n+ 1, n ≥ 1. An almost CR structure is a complex n-dimensional subbundle
T 1,0M of the complexified tangent bundle TCM such that T 1,0M ∩ T 0,1M = 0,
where T 0,1M = T 1,0M . We say that an almost CR structure T 1,0M is partially
integrable if the following condition is satisfied:
[Γ(T 1,0M),Γ(T 1,0M)] ⊂ Γ(T 1,0M ⊕ T 0,1M).
In particular if [Γ(T 1,0M),Γ(T 1,0M)] is contained in Γ(T 1,0M), the almost CR
structure is said to be integrable. For example, if M is a real hypersurface in a
complex manifold N , then M has a canonical integrable CR structure
T 1,0M = T 1,0N|M ∩ TCM.
A smooth function f is said to be a CR function if df annihilates T 0,1M . A CR
pluriharmonic function is a real smooth function that is locally the real part of
a CR function. Assume that there exists a nowhere vanishing real 1-form θ that
annihilates H = ReT 1,0M . The Levi form Lθ of θ is defined by
Lθ(Z,W ) = −
√−1dθ(Z,W ), Z,W ∈ Γ(T 1,0M).
In the following, we assume that T 1,0M is strictly pseudoconvex, i.e., the Levi form
is positive definite for some choice of θ. Such a θ is called a pseudo-Hermitian
structure, or a contact form.
2.2. Θ-manifolds. The intrinsic definitions of Θ-manifolds and ACH metrics are
given in [5,14,19]. Here we give these definitions following [20]. Let X be a (2n+2)-
dimensional smooth manifold with boundaryM . Denote by ι the inclusionM →֒ X .
Let Θ ∈ Γ(T ∗X |M ) be a smooth 1-form such that θ = ι∗Θ is nowhere vanishing. A
Θ-structure on X is a conformal class [Θ], and a pair (X, [Θ]) is called a Θ-manifold.
A Θ-diffeomorphism between Θ-manifolds is a diffeomorphism that preserves the
Θ-structures.
For a Θ-manifold (X, [Θ]), there exists a canonical vector bundle ΘTX , the Θ-
tangent bundle on X , which is defined by modifying the tangent bundle near the
boundary. This vector bundle is canonically isomorphic to the usual tangent bundle
over the interior X˚ of X . The structure of ΘTX near the boundary is as follows.
Let p ∈M and N, T, Y1, . . . , Y2n a local frame of TX in a neighborhood U of p such
that
• N |∂X is annihilated by Θ;
• T, Y1, . . . , Y2n are tangent to M ∩ U ;
• (Y1|∂X , . . . , Y2n|∂X) is a local frame of ker θ on M ∩ U .
Then the vector bundle ΘTX |U is spanned by (ρN, ρ2T, ρY1, . . . , ρY2n). Here ρ ∈
C∞(X) is a defining function of X , that is, ρ satisfies
X˚ = {ρ > 0}, dρ 6= 0 on M.
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A bundle metric of the Θ-tangent bundle is called a Θ-metric. This induces a
complete Riemannian metric on X˚.
Assume that the boundary M has a partially integrable CR structure T 1,0M .
We say that it is compatible with the Θ-structure if θ is a contact form on M .
2.3. ACH metrics. Let (M,T 1,0M) be a partially integrable CR manifold of
dimension 2n + 1, and θ a contact form on M . Denote by pr the projection
[0,∞)×M →M . Then the 1-form Θ = pr∗ θ defines a Θ-structure on [0,∞)×M
and the conformal class [Θ] is independent of the choice of θ. Moreover, the par-
tially integrable CR structure T 1,0M is compatible with this Θ-structure. We call
this Θ-structure the standard Θ-structure on [0,∞) ×M . Let (Z1, . . . , Zn) be a
local frame of T 1,0M and set
Z∞ = r
∂
∂r
, Z0 = r
2T, Zα = rZα, Zα = rZα,
where r is the coordinate of [0,∞) and T is the Reeb vector field associated to θ.
Then the complexified Θ-tangent bundle is spanned by (ZI) = (Z∞,Z0,Zα,Zα).
Let U ⊂ [0,∞) ×M be an open neighborhood of {0} ×M . A Θ-metric g on
U is said to be an ACH metric if, for some choice of θ, the boundary values of
gIJ = g(ZI ,ZJ) satisfy
g∞∞ = 4, g∞0 = 0, g∞α = 0,
g00 = 1, g0α = 0, gαβ = hαβ , gαβ = 0 on {0} ×M.
Here hαβ = Lθ(Zα, Zβ).
When (X, [Θ]) is an arbitrary Θ-manifold, an ACH metric on X is defined as
follows.
Definition 2.1. Let X be a Θ-manifold. A Θ-metric g on X is called an ACH
metric if there exist the following objects:
• a compatible partially integrable CR structure T 1,0M on M ;
• an open neighborhood U ⊂ [0,∞)×M ofM , an open neighborhood V ⊂ X
of M , and a Θ-diffeomorphism Ψ: U → V such that Ψ|M = idM and Ψ∗g
is an ACH metric on U .
The partially integrable CR structure T 1,0M is determined uniquely by g and called
the CR structure at infinity. A compact Θ-manifold with an ACH metric is called
an ACH manifold.
Let ρ be a defining function of a Θ-manifold X with an ACH metric g. The
symmetric 2-tensor ρ4g on X˚ is smooth up to the boundary and ι∗(ρ4g)(Y, ·) = 0
holds for Y ∈ H. Hence there exists a unique contact form θ on M such that
ι∗(ρ4g) = θ ⊗ θ; in this case, we say that a defining function ρ is normalized by θ.
For a given Θ-manifold X and a compatible partially integrable CR structure
T 1,0M , one can construct an ACH metric on X with CR structure at infinity T 1,0M
satisfying
Ricg +
n+ 2
2
g ∈ ρ2n+2Γ(S2(ΘT ∗X))
and
Scalg +(n+ 1)(n+ 2) ∈ ρ2n+3C∞(X),
where Ricg and Scalg are respectively the Ricci tensor and the scalar curvature
of g as a Riemannian metric on X˚ [20, Theorem 2.5]. We call this metric an
asymptotically complex hyperbolic Einstein metric, an ACHE metric for short. A
compact Θ-manifold with an ACHE metric is called an ACHE manifold.
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Example 2.2. Let Ω be a strictly pseudoconvex domain in a complex manifold N
and g+ a Hermitian metric satisfying (1.2) and (1.3). We define an ACHE manifold
X from (Ω, g+) as follows. As a manifold, X is Ω with C
∞ structure replaced by
adding the square roots of defining functions of Ω. The Θ-structure on X is given
by the pullback of a 1-form (
√−1/2)(∂−∂)x by the identity map i : X → Ω, where
x is a defining function of Ω. The Θ-metric g is defined by i∗(2g+). Then X is
an ACHE manifold, and the CR structure at infinity is the same as the integrable
CR structure induced from the complex structure on N . Let ρ = i∗(√x/2) be a
defining function of X . Then for a contact form θ on M , ρ is normalized by θ if
and only if x is normalized by θ.
2.4. GJMS operator and Q-curvature. In this subsection, we review the defi-
nitions of the critical GJMS operator and Q-curvature for partially integrable CR
manifolds.
Let g be an ACH metric on a Θ-manifold X of dimension 2m = 2(n + 1),
and T 1,0M its CR structure at infinity. Fix a contact form θ on M and a defining
function ρ of X normalized by θ, and set x = 2ρ2. Let us denote by ∆ the Laplacian
of g. To simplify the notation, we use the symbol O(·) as follows. For a ∈ C and
l ∈ N = {0, 1, 2, . . .}, a function of the form xa∑lj=0 fj(log x)j with fj ∈ C∞(X)
is represented by O(xa(log x)l). The symbol O(x∞) denotes a smooth function on
X that vanishes to infinite order at the boundary. From the expression of ∆ given
in [20, Proposition 3.1], we have the following
Lemma 2.3. Let f be a smooth function defined near the boundary of X. For
s ∈ C and j ∈ N,
(∆− s(m− s))(f · xm−s+j/2)(2.1)
= −1
4
j(2m− 4s+ j)f · xm−s+j/2 +O(xm−s+(j+1)/2),
(∆− s(m− s))(f · xm−s+j/2 log x)(2.2)
= −1
4
j(2m− 4s+ j)f · xm−s+j/2 log x
− (m− 2s+ j)f · xm−s+j/2 +O(xm−s+(j+1)/2 log x),
and
(∆− s(m− s))(f · xm−s+j/2(log x)2)
= −1
4
j(2m− 4s+ j)f · xm−s+j/2(log x)2
− 2(m− 2s+ j)f · xm−s+j/2 log x− 2f · xm−s+j/2
+O(xm−s+(j+1)/2(log x)2).
This Lemma gives an important tool to define various objects. The first example
is the following
Theorem 2.4 ([20, Theorem 3.3]). Let θ be a contact form on M and ρ a defining
function of X normalized by θ. For any real valued smooth function f on M , there
exists a solution u ∈ C∞(X˚) of the equation
(2.3) ∆u = O(x∞)
with the expansion
(2.4) u = F +Gxm log x
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for F,G ∈ C∞(X) such that F |M = f . The function F is unique modulo O(xm),
and G is unique modulo O(x∞). Moreover, there is a differential operator
Pθ : C
∞(M)→ C∞(M)
such that
G|M = −2cmPθf.
The operator Pθ is formally self-adjoint and annihilates constant functions. One
has emΥPθ̂ = Pθ under the conformal change θ̂ = e
Υθ.
Here we give the existence part of the proof since the same argument will be
used repeatedly.
Proof. Let f ∈ C∞(M). First take a smooth extension f0 of f . Let k < 2m − 1
and assume that f0, . . . , fk ∈ C∞(X) satisfy
∆
 k∑
j=0
fjx
j/2
 ∈ x(k+1)/2C∞(X).
If we take
fk+1 =
4
(k + 1)(−2m+ k + 1)x
−(k+1)/2∆
 k∑
j=0
fjx
j/2
 ∈ C∞(X),
then (2.1) gives
∆
k+1∑
j=0
fjx
j/2
 ∈ x(k+2)/2C∞(X).
This argument stops at k = 2m− 1 since −2m+ k+1 = 0. So we need logarithmic
terms. If we choose
g0 =
1
m
x−m∆
 2m∑
j=0
fjx
j/2
 ,
then (2.2) gives
∆
 2m∑
j=0
fjx
j/2 + g0x
m log x
 = O(x(2m+1)/2 log x).
This inductive argument gives F and G. 
If the metric g is an ACHE metric, Pθ is determined by (M,T
1,0M) and θ. Then
we call Pθ the critical GJMS operator.
Next, consider the Q-curvature.
Theorem 2.5 ([20, Theorem 3.5]). There exists a solution v ∈ C∞(X˚) of the
equation
(2.5) ∆v = m+O(x∞)
with the expansion
(2.6) v = log x+A+Bxm log x
for A,B ∈ C∞(X) such that A|M = 0. The function A is unique modulo O(xm),
and B is unique modulo O(x∞). Moreover, the function Qθ defined by
B|M = −2cmQθ
satisfies the following transformation law under the conformal change θ̂ = eΥθ:
emΥQθ̂ = Qθ + PθΥ.
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The function Qθ is also determined by (M,T
1,0M) and θ if the metric g is an
ACHE metric; in this case, we call Qθ the Q-curvature.
From Theorem 2.5, we have a normalization of defining functions, which is a
generalization of Fefferman’s defining functions.
Proposition 2.6. For any contact form θ, there exists a defining function ρ˜ of X
normalized by θ such that x˜ = 2ρ˜2 satisfies
(2.7) ∆ log x˜ = m+O(xm).
Moreover, such a ρ˜ is unique modulo O(x(2m+1)/2) and such an x˜ is unique modulo
O(xm+1).
Proof. Let v = log x + A + Bxm log x be as in Theorem 2.5. Then ρ˜ = eA/2ρ is
also a defining function of X normalized by θ, and x˜ satisfies (2.7); this proves the
existence of ρ˜. Uniqueness of ρ˜ (and x˜) follows from (2.1). 
3. Scattering theory on ACH manifolds
In this section, assume that X is an ACH manifold of dimension 2m = 2(n+ 1)
and ρ is a defining function of X normalized by a contact form θ onM . Set x = 2ρ2
to simplify the notation.
3.1. Poisson operator and scattering matrix. First we review the scattering
theory on ACH manifolds. Some basic results about the Laplacian ∆ are obtained
by Epstein-Melrose-Mendoza [5].
Theorem 3.1. (1) The pure point spectrum σpp(∆) is a finite subset of (0,m
2/4),
and the absolutely continuous spectrum σac(∆) is the interval [m
2/4,∞).
(2) For s ∈ C with Re s > m/2 and s(m− s) /∈ σpp(∆), the resolvent
R(s) = (∆− s(m− s))−1
is an operator from x∞C∞(X) to xsC∞(X) and holomorphic in s. Here x∞C∞(X)
stands for the space of smooth functions on X that vanish to infinite order at the
boundary.
Let s ∈ C with
Re s > m/2, 4s− 2m /∈ Z, s(m− s) /∈ σpp(∆).
For each f ∈ C∞(M), there exists a unique solution u ∈ C∞(X˚) of the equation
(3.1) (∆− s(m− s))u = 0
with the expansion
(3.2) u = Fxm−s +Gxs
for F,G ∈ C∞(X) such that F |M = f . The Poisson operator
Pθ(s) : C∞(M)→ C∞(X˚)
is then defined by Pθ(s)f = u, and the scattering matrix
Sθ(s) : C∞(M)→ C∞(M)
by Sθ(s)f = G|M . These two operators are holomorphic in s and determined by
θ. The Poisson operator is holomorphic across s = m. The scattering matrix is
formally self-adjoint for s ∈ R and satisfies
(3.3) esΥSθ̂(s)f = Sθ(s)(e(m−s)Υf)
if θ̂ = eΥθ.
As we will use the explicit form of these operators near s = m, we here recall
the constructions of Pθ(s) and Sθ(s).
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Lemma 3.2. Let s ∈ C and k ∈ N. Then there exist differential operators pk,s on
M that are determined by the following conditions:
• p0,s = 1;
• the operator pk,s is holomorphic in s outside the discrete set Λk = {s ∈ C |
4s− 2m ∈ N ∩ [0, k]}, and has a single pole at each s0 ∈ Λk;
• for s /∈ Λk and f ∈ C∞(M),
(3.4) (∆− s(m− s))
xm−s k∑
j=0
(pj,sf)x
j/2
 ∈ xm−s+(k+1)/2C∞(X).
Proof. The operator pk,s is determined inductively from (2.1) as in the proof of
Theorem 2.4. 
Using this Lemma, we would like to construct a holomorphic family us in C
∞(X˚)
near s = m satisfying
(3.5)
{
(∆− s(m− s))us = O(x∞),
us − fxm−s = o(xm−s).
However, this is not obvious since pk,s has a single pole at s = m for k ≥ 2m. To
avoid this difficulty, we need additional arguments.
Proposition 3.3. Let f be a smooth function on M and s ∈ C with Re s > m/2.
There are meromorphic families Fs and Gs of smooth functions on X satisfying the
following:
(1) Fs and Gs are holomorphic in s near s = m;
(2) Fs|M = (s−m)f ;
(3) Fm + Gmxm ∈ x∞C∞(X);
(4) the function
us =
{
(s−m)−1 [Fsxm−s + Gsxs −Fm − Gmxm] s 6= m,
F˙m + G˙mxm + (−Fm + Gmxm) log x s = m,
is a solution of (3.5).
Here F˙m = (d/ds)|s=mFs and G˙m = (d/ds)|s=mGs.
Proof. Taking the residue of (3.4) at s = m, we have
∆
xm k∑
j=0
(Ress=m p2m+j,sf)x
j/2
 ∈ xm+(k+1)/2C∞(X).
While replacing f with Ress=m p2m,sf and substituting s = 0 into (3.4), we obtain
∆
xm k∑
j=0
(pj,0Ress=m p2m,sf)x
j/2
 ∈ xm+(k+1)/2C∞(X).
From the construction of pk,s, we observe
Ress=m p2m+j,sf = pj,0 (Ress=m p2m,sf) .
Consequently, the function
xm−s
2m+k∑
j=0
(s−m)(pj,sf)xj/2 − xs
k∑
j=0
pj,0(Ress=m p2m,sf)x
j/2
is holomorphic near s = m and equal to zero at s = m. Moreover the image of this
function by ∆−s(m−s) is contained in x2m−s+(k+1)/2C∞(X)+xs+(k+1)/2C∞(X).
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Borel’s lemma gives holomorphic families Fs and Gs in C∞(X) near s = m satisfying
(1)–(3).
Since Fs and Gs are holomorphic, the function
us =
1
s−m
[Fsxm−s + Gsxs −Fm − Gmxm]
extends holomorphically across s = m in C∞(X˚). In particular,
um = F˙m + G˙mxm + (−Fm + Gmxm) log x.
Moreover (∆ − s(m − s))us is also holomorphic near s = m in x∞C∞(X). Hence
Fs and Gs satisfy (4) also. 
Using Proposition 3.3, we can write explicit forms of the Poisson operator and
scattering matrix.
Theorem 3.4. For f ∈ C∞(M), let Fs, Gs and us be as in Proposition 3.3. Set
Hs = −x−sR(s)(∆− s(m− s))us ∈ C∞(X).
Then
Pθ(s)f =
{
(s−m)−1[Fsxm−s + Gsxs −Fm − Gmxm] +Hsxs s 6= m,
F˙m + (G˙m +Hm)xm + (−Fm + Gmxm) log x s = m,
and
Sθ(s)f = 1
s−mGs|M +Hs|M .
Proof. The function us is holomorphic in s near s = m as a C
∞(X˚)-valued function
and satisfies (∆− s(m− s))us = O(x∞). Hence the function
u = [I −R(s)(∆ − s(m− s))]us
satisfies the equation (3.1). Moreover, R(s)(∆ − s(m− s))us is in xsC∞(X) from
Theorem 3.1. Hence u also has the expansion (3.2). 
Corollary 3.5.
Ress=m Sθ(s)f = −cmPθf.
Proof. If s = m, Pθ(m)f is of the form
F˙m + 2Gmxm log x+ x1/2C∞(X)
with F˙m|M = f . Hence Pθ(m)f satisfies (2.3) and (2.4), and we have
−2cmPθf = 2Gm|M = 2Ress=m Sθ(s)f.
This proves the corollary. 
Next, we consider the case f = 1. In this case, pk,s1 is holomorphic near s = m
for all k ∈ N. Hence Borel’s lemma gives the solution of (3.5).
Proposition 3.6. Let s ∈ C with Re s > m/2. There exists a smooth function Is
on X such that
(1) Is is holomorphic near s = m;
(2) Is|M = 1;
(3) us = Isxm−s satisfies the equation (3.5) for f = 1.
The same argument as in the proof of Theorem 3.4 gives the following
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Theorem 3.7. Let Is be as in Proposition 3.6, and set
Js = −x−sR(s)(∆ − s(m− s))(Isxm−s).
Then
Pθ(s)1 = Isxm−s + Jsxs,
and
Sθ(s)1 = Js|M .
In particular, Sθ(s)1 is holomorphic at s = m.
3.2. Scattering P -prime operator and Q-prime curvature. In this subsec-
tion, we give the definitions of the scattering P -prime operator and Q-prime cur-
vature.
Definition 3.8. The scattering P -prime operator P ′θ : C
∞(M) → C∞(M) is de-
fined by
c−1m Sθ(s)f = −
1
s−mPθf + P
′
θf +O(s−m).
Analytic properties of P ′θ stated in Section 1 follow easily from the definition.
Proof of Proposition 1.1. Since Sθ(s) is formally self-adjoint for s ∈ R, so is P ′θ.
The constant term of the Laurent series of the left-hand side of (3.3) at s = m is
equal to
−cmΥemΥPθ̂f + cmemΥP ′θ̂f,
while that of the right-hand side of (3.3) at s = m is equal to
cmPθ(Υf) + cmP
′
θf.
Hence we have (1.4). 
We also give a characterization of P ′θ by the Laplacian.
Proposition 3.9. For f ∈ C∞(M), there are F ′, G′, and H ′ ∈ C∞(X) such that
F ′|M = 0 and
(3.6) u′ = (Pθ(m)f) log x+ F ′ +G′xm log x+H ′xm(log x)2
satisfies
(3.7) ∆u′ = mPθ(m)f +O(x∞).
The function F ′ is unique modulo O(xm), and G′ and H ′ are unique modulo
O(x∞). Moreover
(3.8) G′|M = −2cmP ′θf, H ′|M = 2cmPθf.
Proof. We use the notation in Theorem 3.4. Since
∆[(Pθ(m)f) log x] = mPθ(m)f − 4mGmxm log x
+O(x1/2) +O(xm+1/2 log x),
the same argument as in the proof of Theorem 2.4 gives the first and second state-
ments. The differentiation of the equation (∆− s(m− s))Pθ(s)f = 0 in s gives
∆(P˙θ(m)f) +mPθ(m)f = 0,
where P˙θ(m)f = (d/ds)|s=mPθ(s)f . This shows that u′ = −P˙θ(m)f satisfies the
equation ∆u′ = mPθ(m)f . On the other hand,
P˙θ(m)f = 1
2
d2
ds2
∣∣∣∣
s=m
[Fsxm−s + Gsxs] + d
ds
∣∣∣∣
s=m
(Hsxs)
= −(Pθ(m)f) log x+ 2(G˙m +Hm)xm log x
+ 2Gmxm(log x)2 +O(x1/2),
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and u′ has the expansion (3.6) also. Hence
G′|M = −2(G˙m|M +Hm|M ) = −2cmP ′θf,
and
H ′|M = −2Gm|M = 2cmPθf,
and the proof is complete. 
Corollary 3.10. One has P ′θ1 = Qθ.
Proof. If f = 1, then Pθ(m)1 = 1. Hence the function v in Theorem 2.5 satis-
fies (3.6) and (3.7). Therefore we have −2cmP ′θ1 = −2cmQθ. 
Next, we consider the scattering Q-prime curvature.
Definition 3.11. The scattering Q-prime curvature Q′θ is defined by
c−1m Sθ(s)1 = Qθ −
1
2
(s−m)Q′θ +O((s −m)2).
Proof of Proposition 1.2. The coefficient of (s − m) in the Laurent series of the
left-hand side of (3.3) at s = m is equal to
cmΥe
mΥQθ̂ −
1
2
cme
mΥQ′
θ̂
,
while that of the right-hand side of (3.3) at s = m is equal to
−1
2
cmPθ(Υ
2)− cmP ′θΥ−
1
2
cmQ
′
θ.
Hence we have (1.5). The integration of the both sides of (1.5) gives∫
M
Q′
θ̂
θ̂ ∧ (dθ̂)n =
∫
M
Q′θ θ ∧ (dθ)n +
∫
M
Υ2(Pθ1) θ ∧ (dθ)n
+ 2
∫
M
Υ(P ′θ1) θ ∧ (dθ)n + 2
∫
M
ΥQθ̂ θ̂ ∧ (dθ̂)n
=
∫
M
Q′θ θ ∧ (dθ)n + 2
∫
M
ΥQθ θ ∧ (dθ)n
+ 2
∫
M
ΥQθ̂ θ̂ ∧ (dθ̂)n.
The last equality is a consequence of Pθ1 = 0 and P
′
θ1 = Qθ. 
The following proposition is a characterization ofQ′θ as an obstruction to smooth
solutions.
Proposition 3.12. There exist A′, B′, and C ′ ∈ C∞(X) such that A′|M = 0 and
(3.9) v′ = A′ +B′xm log x+C ′xm(log x)2
satisfies
∆v′ = 2‖d(P˙θ(m)1)‖2g − 2 +O(x∞).
The function A′ is unique modulo O(xm), and B′ and C ′ are unique modulo
O(x∞). Moreover
(3.10) B′|M = −2cmQ′θ, C ′|M = 4cmQθ.
Proof. The first and second statements follow from the same argument as in the
proof of Theorem 2.4. To prove (3.10), we use the notation in Theorem 3.7. The
function Pθ(s)1 is of the form Isxm−s + Jsxs. In particular, Pθ(m)1 = Im +
Jmxm = 1 and Is|M = 1 hold. Hence
P˙θ(m)1 = − logx+ I˙m + J˙mxm + 2Jmxm log x,
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where I˙m = (d/ds)|s=mIs and J˙m = (d/ds)|s=mJs, and
P¨θ(m)1 = (log x)2 − 2I˙m log x+ 2J˙mxm log x+O(x1/2),
where P¨θ(m)1 = (d2/ds2)|s=mPθ(s)1. Therefore P¨θ(m)1−(P˙θ(m)1)2 is of the form
4J˙mxm log x+ 4Jmxm(log x)2 +O(x1/2) +O(xm+1/2 log x).
Note that Jm|M = cmQθ and −2J˙m|M = cmQ′θ since Js|M = Sθ(s)1. On the other
hand, the differentiation of (∆− s(m− s))Pθ(s)1 = 0 in s gives
∆(P˙θ(m)1) = −m,
and
∆(P¨θ(m)1) = −2− 2mP˙θ(m)1.
From these, we obtain
∆
[
P¨θ(m)1 − (P˙θ(m)1)2
]
= 2‖d(P˙θ(m)1)‖2g − 2.
Hence
B′|M = 4J˙m|M = −2cmQ′θ,
and
C ′|M = 4Jm|M = 4cmQθ.
This completes the proof. 
4. Proof of theorems
In this section, we give proofs of the theorems stated in Section 1. Let Ω be
a strictly pseudoconvex domain with smooth boundary M = ∂Ω in a complex
manifold N of complex dimension m = n + 1, and g+ a Hermitian metric on Ω
satisfying (1.2) and (1.3). Fix a contact form θ on M and a defining function x of
Ω normalized by θ. As stated in Example 2.2, an ACHE manifold X is constructed
from (Ω, g+). Then we can translate the scattering theory on X considered in
Section 3 into the scattering theory on Ω as in Section 1. In particular, we rewrite
Propositions 3.9 and 3.12 as the statements for (Ω, g+).
Proposition 4.1. For f ∈ C∞(M), there are F ′, G′, and H ′ ∈ C∞(Ω) such that
F ′|M = 0 and
u′ = (Pθ(m)f) log x+ F ′ +G′xm log x+H ′xm(log x)2
satisfies
∆+u
′ = mPθ(m)f +O(x∞).
The function F ′ is unique modulo O(xm), and G′ and H ′ are unique modulo
O(x∞). Moreover
(4.1) G′|M = −2cmP ′θf, H ′|M = 2cmPθf.
Proposition 4.2. There exist A′, B′, and C ′ ∈ C∞(Ω) such that A′|M = 0 and
v′ = A′ +B′xm log x+C ′xm(log x)2
satisfies
∆+v
′ = ‖d(P˙θ(m)1)‖2g+ − 2 +O(x∞).
The function A′ is unique modulo O(xm), and B′ and C ′ are unique modulo
O(x∞). Moreover
(4.2) B′|M = −2cmQ′θ, C ′|M = 4cmQθ.
Next we recall definitions of the P -prime operator and Q-prime curvature defined
in [16].
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Definition 4.3. Let f be a CR pluriharmonic function on M and f˜ a smooth
extension of f to Ω that is pluriharmonic near M . There are F ′, G′ ∈ C∞(Ω) such
that F ′|M = 0 and
∆+(f˜ log x+ F
′ +G′xm log x) = mf˜ +O(x∞).
The function F ′ is unique modulo O(xm), and G′ is unique modulo O(x∞). The
P -prime operator P ′θ is an operator from the space of CR pluriharmonic functions
to C∞(M) defined by
(4.3) G′|M = −2cmP ′θf.
In particular, P ′θ1 = Qθ holds.
Definition 4.4. Let θ be a pseudo-Einstein contact form onM and x a Fefferman’s
defining function normalized by θ. There are smooth functions A′ and B′ on Ω such
that A′|M = 0 and
∆+(A
′ +B′xm log x) = ‖d logx‖2g+ − 2 +O(x∞).
The function A′ is unique modulo O(xm), and B′ is unique modulo O(x∞). The
Q-prime curvature Q′θ is a function on M defined by
(4.4) B′|M = −2cmQ′θ.
Proof of Theorem 1.4. Let f be a CR pluriharmonic function and f˜ a smooth ex-
tension of f that is pluriharmonic near the boundary. Then ∆+f˜ has compact sup-
port in Ω since g+ is Ka¨hler near M . From Theorem 3.1, Kf˜ = c
−1
m x
−mR(m)∆+f˜
is smooth up to the boundary. Hence Pθ(m)f = f˜ − cm(Kf˜)xm holds. Using
Proposition 4.1 and Definition 4.3, we have modulo O(x∞),
mcm(Kf˜)x
m = m(f˜ − Pθ(m)f)
= ∆+[(f˜ − Pθ(m)f) log x+ (F ′ − F ′)
+ (G′ −G′)xm log x+H ′xm(log x)2]
= ∆+[(F
′−F ′)+(G′−G′+cmKf˜)xm log x+H ′xm(log x)2].
Lemma 2.3 gives
F ′ − F ′ ∈ xmC∞(Ω),
−m(G′|M −G′|M + cm(Kf˜)|M )− 2H ′|M = mcm(Kf˜)|M ,
and
−mH ′|M = 0.
Hence we obtain
P ′θf = P
′
θf − (Kf˜)|M
from (4.1) and (4.3). Assume that the metric g+ is Ka¨hler and every CR pluri-
harmonic function has a pluriharmonic extension to Ω. Then we can choose as f˜
its pluriharmonic extension. Since g+ is Ka¨hler, f˜ satisfies ∆+f˜ = 0. Therefore
Kf˜ = 0 and P ′θf = P
′
θf . 
Proof of Theorem 1.5. Let θ be a pseudo-Einstein contact form on M and x a
Fefferman’s defining function normalized by θ. Since Π has compact support in Ω,
so does trg+ Π = m−∆+ log x. Hence the function
(4.5) D = c−1m x
−mR(m)(∆+ log x−m)
is smooth up to the boundary and
P˙θ(m)1 = − logx+ cmDxm.
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Therefore
‖d(P˙θ(m)1)‖2g+ − 2 = ‖d log x‖2g+ − 2− 4mcmDxm +O(xm+1).
From (4.2) and (4.4), we have
2mcmQ
′
θ = 2mcmQ
′
θ − 4mcmD|M .
In particular if Π = 0, then D = 0 and Q′θ = Q
′
θ holds. 
We need to prepare some notation to prove Theorem 1.6. Take a (1, 0)-vector
field ξ on N and a smooth function κ such that
ξx = −1, ιξ∂∂x = κ∂x near M,
and write ξ = N − (√−1/2)T . For the 1-form ϑ = (√−1/2)(∂ − ∂)x, ϑ(N) = 0
and ϑ(T ) = 1 hold. Let T˜ 1,0 be the complex subbundle of T 1,0X defined by
T˜ 1,0 = {W ∈ T 1,0X |Wx = 0},
and (W1, . . . ,Wn) a local frame of T˜
1,0. Then (ξ,W1, . . . ,Wn) is a local frame
of T 1,0X and the dual (1, 0)-coframe is of the form (−∂x, ϑ1, . . . , ϑn). Using this
coframe, we can write
dϑ = −√−1∂∂x = √−1
n∑
α,β=1
hαβϑ
α ∧ ϑβ − κdx ∧ ϑ,
where (hαβ) is a positive definite Hermitian matrix from strict pseudoconvexity.
Since the real vector field−N is transversal to the boundary and inward pointing,
we obtain a smooth map Ψ: [0, δ)×M → Ω such that Ψ is an orientation-reversing
diffeomorphism onto the image, and Ψ∗(∂/∂r) = −N . Here r is a coordinate of
[0, δ). We extend θ constantly in the r-direction and write this 1-form on [0, δ)×M
as θ also. There exists a unique smooth function s on [0, δ)×M such that
Ψ∗(ϑ ∧ (dϑ)n) ≡ sθ ∧ (dθ)n mod dr.
Contracting with the vector field ∂/∂r, we have that the term containing dr is equal
to zero, that is,
Ψ∗(ϑ ∧ (dϑ)n) = sθ ∧ (dθ)n.
Let ξ˜ = N˜ − (√−1/2)T˜ be a (1, 0)-vector field such that
ξ˜x = −1, ξ˜ ⊥g+ ker∂x.
Then ξ˜ = ξ − x∑α ηαWα for some smooth functions ηα, and the dual frame of
(ξ˜,Wα) is given by (ϑ˜
0 = −∂x, ϑ˜α = ϑα + xηα∂x). The matrix representation of
the metric g+ for this frame is (
1+ax
x2 0
0
h˜αβ
x
)
,
where a is a smooth function and (h˜αβ) is a positive definite Hermitian matrix
satisfying h˜αβ |M = hαβ |M . The volume form dvolg+ for g+ is, near M , written as
dvolg+ = −
(
√−1)n
n!
1 + ax
xn+2
dx ∧ ϑ ∧
 n∑
α,β=1
h˜αβ ϑ˜
α ∧ ϑ˜β
n
= − 1
n!
1 + ax
xn+2
det h˜αβ
dethαβ
dx ∧ ϑ ∧ (dϑ)n.
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Define ψ(k) ∈ C∞(M) by
Ψ∗
(
det h˜αβ
dethαβ
)
s =
∞∑
k=0
ψ(k)tk, ψ(0) = 1.
Proof of Theorem 1.6. Since trg+ Π = m−∆+ log x = O(xm), we have
−P˙θ(m)1 = log x+Axm +Bxm log x,
where A,B ∈ C∞(Ω) with B|M = −2cmQθ from the proof of Proposition 3.9. Since
the outward unit normal vector field of ∂Ωε is written as
√
2(1 + aε)−1/2εN˜ ,∫
Ωε
dvolg+ =
1
m
∫
Ωε
∆+(−P˙θ(m)1) dvolg+
= − 1
m
∫
∂Ωε
N˜(−P˙θ(m)1)(
√−1)n
n!
1
εn
ϑ ∧ (h˜αβ ϑ˜α ∧ ϑ˜β)n
= − 1
m
∫
M
Ψ∗(N˜(−P˙θ(m)1)) 1
n!
1
εn
Ψ∗
(
det h˜αβ
dethαβ
)
s θ ∧ (dθ)n
=
1
m!
∫
M
(
1
εm
+mB|M log ε+mA|M +B|M
)
× Ψ∗
(
det h˜αβ
dethαβ
)
s θ ∧ (dθ)n + o(1).
Hence if we write ∫
Ωε
dvolg+ =
m∑
j=1
bj
εm+1−j
+ L log ε+ V + o(1),
then
L =
1
n!
∫
M
B|M θ ∧ (dθ)n = −2cm
n!
∫
M
Qθ θ ∧ (dθ)n(4.6)
and
m!V =
∫
M
ψ(m)θ ∧ (dθ)n +
∫
M
[mA|M − 2cmQθ] θ ∧ (dθ)n.(4.7)
On the other hand, we have
− n!
∫
Ωε
‖d(P˙θ(m)1)‖2g+ dvolg+
= −
∫
[ε,δ)×M
Ψ∗
(
‖d(P˙θ(m)1)‖2g+
1 + ax
xn+2
det h˜αβ
dethαβ
dx ∧ ϑ ∧ (dϑ)n
)
+ O(1)
= −2
∫
[ε,δ)×M
(
1
tm+1
Ψ∗
(
det h˜αβ
dethαβ
)
s+ 2mB|M log t
t
+ 2(mA|M + B|M )1
t
)
dt ∧ θ ∧ (dθ)n +O(1).
The coefficient of log ε in the formula above is
2
∫
M
ψ(m)θ ∧ (dθ)n + 4
∫
M
[mA|M − 2cmQθ]θ ∧ (dθ)n.
Hence from (4.6) and (4.7), the quantity m!V is equal to the sum of
−
∫
M
[mA|M − 4cmQθ]θ ∧ (dθ)n
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and the coefficient of log ε in
(4.8) − n!
2
∫
Ωε
[‖dP˙θ(m)1‖2g+ − 2] dvolg+ .
From Proposition 4.2, the coefficient of log ε in (4.8) is equal to
− 1
2
m
∫
M
B′|M θ ∧ (dθ)n −
∫
M
C ′|M θ ∧ (dθ)n
= mcm
∫
M
Q′θ θ ∧ (dθ)n − 4cm
∫
M
Qθ θ ∧ (dθ)n.
Therefore we have (1.9). 
Proof of Theorem 1.7. Assume that g+ is Ka¨hler and θ is pseudo-Einstein. Let x
be a Fefferman’s defining function normalized by θ and D ∈ C∞(Ω) as in (4.5).
Then Q′θ = Q
′
θ − 2D|M holds. Hence the integral of Q′θ is written as∫
M
Q′θ θ ∧ (dθ)n =
∫
M
Q′θ θ ∧ (dθ)n − 2
∫
M
D|M θ ∧ (dθ)n.
On the other hand, we have
(trg+ Π) · ωm+ = mΠ ∧ ωn+ = mΠm + dτ
for a compactly supported (2m− 1)-form τ and∫
Ω
(trg+ Π) · ωm+ = m
∫
Ω
Πm.
The left hand side is equal to
−cm
∫
Ω
∆+(Dx
m)ωm+ = −m2cm
∫
M
D|M θ ∧ (dθ)n.
Thus we obtain∫
M
Q′θ θ ∧ (dθ)n =
∫
M
Q′θ θ ∧ (dθ)n +
2
mcm
∫
Ω
Πm.
Since −P˙θ(m)1 is equal to log x− cmDxm, we have A = −cmD and B = 0. Hence∫
M
A|M θ ∧ (dθ)n = 1
mcm
∫
Ω
Πm.
The last statement follows from (1.9), (1.10), and (1.11). 
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